On embedding countable sets of endomorphisms by Araújo, João et al.
On embedding countable sets of endomorphisms
J. Arau´jo, J.D. Mitchell and N. Silva
Abstract. Sierpin´ski proved that every countable set of mappings on an infinite set X is
contained in a 2-generated subsemigroup of the semigroup of all mappings on X. In this
paper we prove that every countable set of endomorphisms of an algebra A which has an
infinite basis (independent generating set) is contained in a 2-generated subsemigroup of
the semigroup of all endomorphisms of A.
1. Introduction
Let X be an infinite set. In [20] Sierpin´ski proved the following result:
Proposition 1.1. Any countable subset of the semigroup TX of all transformations
on X is contained in a 2-generated subsemigroup of TX .
A short proof of this result was immediately given by Banach in [3] (see also [13]).
In [13] it was shown that the method of Banach can be modified slightly to prove
analogous results for countable subsets of the semigroup of all partial bijections
and the semigroup of partial mappings on an infinite set X. As may be expected
the situation is more complicated for bijections of an infinite set X. However, in
[9, Theorem 3.3] it was proven that every countable set of permutations of X is
contained in a two-generated subgroup of the symmetric group SX .
There are several important corollaries of these results, including the result that
every countable semigroup can be embedded in a two-generated semigroup. This
result was proven, independently of Sierpin´ski’s result, by Evans in [6]. Several
other proofs of this result appeared, including [19] and [22].
The full transformation semigroup can be considered as the semigroup of endo-
morphisms of the (unstructured) set X. It is natural to ask if a result, analogous
to Proposition 1.1, holds when X is endowed with some structure. It was shown
in [15] that every countable set of endomorphisms of an infinite dimensional vector
space V, over an arbitrary field, is contained in a two-generated subsemigroup of
the semigroup of all endomorphisms of V. This result was motivated by results
in [21] relating to the semigroup of continuous self-maps S(X) of a topological
space X. In [21] it was shown that any countable subset of S(X) is contained in a
two-generated subsemigroup of S(X) when X is the rationals, the irrationals, the
countable discrete space, an m-dimensional closed unit cube, or the Cantor set.
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The main aim of this paper is to prove that a result analogous to Proposition 1.1
holds for the endomorphism semigroups of a large class of algebras.
For the remainder of this section we introduce the main notions and terminology
we shall use in this paper. Let A be a non-empty set. For n 2 N, an n-ary
operation on A is a mapping ↵ : An  ! A, where An denotes the Cartesian
product A ⇥ A ⇥ · · · ⇥ A with n terms. As usual a nullary operation on A is a
mapping a : ;  ! A. These operations may be referred to as finitary operations. A
mapping from AI to A, where I is an infinite set, is called an infinitary operation.
Throughout this paper we shall follow the convention of writing operations on the
left and mappings on the right. A (universal) algebra with universe A is a pair
A = (A,⌦) where ⌦ is a set of (finitary or infinitary) operations on A. For a subset
B ✓ A we shall denote by hB i the subalgebra generated by B.
Let A and B be algebras. Then a morphism from A to B is any mapping ↵ from
A to B that preserves the operations of A. Note that such a mapping can only
reasonably exist if A and B have the ‘same’ operations, in some sense. However,
in this paper we shall only consider morphisms from an algebra to itself and so
this concern does not a↵ect us. A morphism which is injective and surjective is
called an isomorphism. An endomorphism of A is a morphism from A to A. Since
composition of endomorphisms is associative the set of all endomorphisms of A is
a semigroup, which we denote by End(A).
We now introduce the notion that is central to the results contained in this paper.
Let A be an algebra with universe A and let X ✓ A.
Definition 1.2. We say that X is independent if every mapping ↵ : X  ! A can
be extended to a morphism ✏↵ : h X i  ! A such that the restriction of ✏↵ to X
equals ↵
✏↵|X = ↵.
For an arbitrary mapping ↵ from an independent set I to A we shall denote by
✏↵ the extension of ↵ to an endomorphism from h I i to A.
There are many definitions of independence in di↵erent mathematical structures.
Here we follow the definition of Marczewski in [16] and [17]. We say that B is a
basis for A if B is an independent generating set for A. For ↵,  2 End(A) it is
clear that
↵ =   if and only if ↵|B =  |B .
There are many well-known algebraic structures, such as vector spaces, which
have bases. There are also many algebraic structures without bases. We give
an example of such a structure. Let p be a prime and let Zp denote the cyclic
group of order p. Inductively, let Zpi be the cyclic group of order pi, where Zpi 1
is a subgroup of Zpi . We denote the countable union of this ascending chain of
subgroups
S1
i=1 Zpi by Zp1 . This group can also be described as the set of all the
pnth roots of unity with the usual complex multiplication. It is easy to verify that
this group is not finitely generated and that the maximum size of an independent
set is one.
For more information about semigroups or algebras see [4], [5], [12] or [14].
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2. The main result
Throughout this section let A denote an algebra with infinite basis B. In or-
der to prove our main result we partition B into countably many disjoint sets
B0, B1, B2, . . . so that each Bi has cardinality equal to that of B. Similarly, we
partition B0 into countably many disjoint sets B0,1, B0,2, B0,3, . . . so that each B0,i
has cardinality equal to that of B.
Remark 2.1. Let ↵ 2 End(A) be an arbitrary endomorphism, let i 2 N and let  
be any bijection from B into B0,i. Then the mapping  i from B0,i to A defined by
b i = b 
 1↵|B (b 2 B0,i)
satisfies   i = ↵|B , and hence ✏ ✏ i = ↵.
We now prove our main result.
Theorem 2.2. Let A be an algebra which has an infinite basis. Then any countable
subset of End(A) is contained in a 2-generated subsemigroup of End(A).
Proof. Let {↵1,↵2,↵3, . . . } be our countable subset of elements of End(A). We
find two elements of End(A) which generate a semigroup that contains this set.
Let   be any mapping from B to B\B0 which maps Bi to Bi+1 bijectively for each
i 2 {0, 1, 2, . . . }. Since B is independent   can be extended to an endomorphism
✏  of A.
We define the second of our mappings   from B to A in two stages. First, we
define   on B \ B0 to be any mapping which takes Bi to B0,i bijectively, for each
i 2 {1, 2, 3, . . . }. We observe that  i =    i  is a (well-defined) bijection from B
to B0,i.
By Remark 2.1 it follows that for each i 2 N there exists a mapping  i such that
 i i = ↵i|B . We now complete the definition of   so that for b 2 B0,i we have
b  = b i. Hence for each i 2 N we have
↵i|B =  i i =  i  =    i 2.
It follows that ↵i = ✏ ✏ ✏i ✏
2
  , and so {↵1,↵2,↵3, . . . } ✓ h ✏  , ✏  i. ⇤
For the remainder of this section we shall give examples of algebras which satisfy
the condition of our theorem, i.e. algebras which have infinite bases.
Let A be a class of algebras. Then every free A-algebra A on an infinite set
X has an infinite basis, namely X. That X generates A is evident and that X is
independent follows immediately from the definition of a free algebra.
Corollary 2.3. Let A be a non-finitely generated free A-algebra. Then every count-
able subset of End(A) is contained in a 2-generated subsemigroup of End(A).
Examples of such algebras are the non-finitely generated free algebras of any variety.
Another example of a type of algebra which satisfies our condition is provided
by a class of algebras which includes finite and infinite dimensional vector spaces as
special cases. In order to define this class we require a slightly di↵erent definition
of independence. Let A be an algebra with universe A and let X ✓ A. Then we
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say X is T -independent if x 62 hX \ {x} i for each x 2 X. An algebra A is called
an independence algebra if it satisfies the following properties:
(i) for every subset X of A and every element u of A, if X is T -independent
and u 62 hX i, then X [ {u} is T -independent;
(ii) for any basis X of A and any function ↵ from X to A, there is an endo-
morphism ✏↵ of A such that ✏↵|X = ↵.
The notions of T -independence and independence are not equivalent in general, but
in the case of independence algebras they coincide. Independence algebras were first
introduced in [18] and the basic structure of their endomorphism semigroups was
described in [11] . This study, for both finite and infinite independence algebras,
was continued in [1], [2], [7], [8] and [10]. Examples of independence algebras are
(unstructured) sets, vector spaces and for any group G, free G-sets. It is clear
that any independence algebra A has a basis, the cardinality of which is called the
dimension of A.
Corollary 2.4. Let A be an infinite dimensional independence algebra. Then any
countable subset of End(A) is contained in a 2-generated subsemigroup of End(A).
Since every vector space is an independence algebra this corollary provides a
shorter proof of Theorem 3.1 in [15].
3. Concluding remarks
We conclude the paper by giving an example of a finitely generated free algebra
A for which it is not true that every countable subset of End(A) is contained in
a two-generated subsemigroup of End(A), thereby demonstrating that we cannot
omit the condition that A is non-finitely generated from Corollary 2.3.
Let X be a non-empty set. Recall that an element ↵ of the semigroup TX , of all
mappings from X to X, is called a proper idempotent if ↵2 = ↵ and ↵ 6= 1X , the
identity map on X. For a subsemigroup T of TX and a set Y ✓ X we say that X
is T -isomorphic to Y if there exist mappings  ,   2 T such that X  ✓ Y , Y   ✓ X,
   = 1X and   |Y = 1Y , where 1X and 1Y denote the identity maps on X and Y
respectively.
We require the following result:
Lemma 3.1. Let X be an infinite set and let T be a subsemigroup of TX which
satisfies the following:
(i) the identity 1X is in T ;
(ii) there exists ↵ 2 T such that ↵ is not injective;
(iii) there exists   2 T such that   is not surjective but is injective;
If every countable subset of T can be embedded in a 2-generated subsemigroup of T
then X is T -isomorphic to the image of a proper idempotent in T .
For a proof see [15, Theorem 2.4].
Let A = {a, b} be an arbitrary two element alphabet. Then we denote by A+
the free semigroup on A. That is all finite, non-empty words on A with the product
of two words u and v being the juxtaposition uv of u and v.
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Proposition 3.2. It is not possible to embed every countable set of endomorphisms
of A+ in a 2-generated subsemigroup of End(A+).
Proof. It is obvious that End(A+)   TA+ . We verify that End(A+) satisfies the
properties (i) to (iii) of Lemma 3.1. Clearly 1A+ 2 End(A+). Let ↵ be any
endomorphism satisfying a↵ = b and b↵ = b; it is evident that ↵ is not injective.
Let   be any endomorphism satisfying a  = ab and b  = ab2; it is clear that   is
not surjective but is injective.
It is easy to verify that every proper idempotent endomorphism of A+ has image
{a}+ or {b}+. Suppose that every countable subset of End(A+) can be embedded
in a 2-generated subsemigroup of End(A+). Then, by Lemma 3.1, there exist  ,   2
End(A+) such that A+  ✓ {a}+, {a}+  ✓ A+,    = 1A+ and   |{a}+ = 1{a}+ .
But it is clear that no subset of {a}+ has A+ as a homomorphic image, and hence
we have a contradiction. ⇤
The analogue of Sierpin´ski’s result for subsets of the symmetric group was shown
to be true in [9]. As we went from mappings of unstructured sets to endomorphisms
of algebras, we ask if we can move from permutations of sets to automorphisms of
algebras.
Open Problem 3.3. Find algebras A for which every countable subset of the group
of automorphisms Aut(A) of A is contained in a 2-generated subgroup of Aut(A).
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